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1 Introduction 



(N 

o: 

psj , The current paper is devoted to the study of spatial spreading dynamics of species in locally spatially 

inhomogeneous environments or media. Reaction diffusion equations of the form 

utit,x) = Au{t,x) +u{t,x)fi{x,u{t,x)), xeR^ (1.1) 

^ , are widely used to model the population dynamics of many species in unbounded environments, where 

a , 

u{t,x) is the population density of the species at time t and location x, Au characterizes the internal 
interaction of the organisms, and fi{x,u) represents the growth rate of the population, which satisfies 
that fi{x,u) < for It > 1 and (9„/i(a;,u) < for u > (see [T], [5], [S], [H], [13], El, [31], gi, [SS], 
[67], [69], [70], [74], etc.). 

When using to model the population dynamics of a species, it is assumed that the underlying 
environment is not patchy and the internal interaction of the organisms is random and local (i.e. the 
organisms move randomly between the adjacent spatial locations). In practice, the environments in which 
many species live may be patchy and/or the internal interaction of the organisms may be nonlocal. To 
model the population dynamics of a species in the case that the underlying environment is not patchy 
but the internal interaction is nonlocal, the following nonlocal dispersal equation is often used. 
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Ut{t,x)= / K{y — x)u{t,y)dy — u{t,x) + u(t,x)f2{x,u{t,x)), a; £ M , (1-2) 

where k(-) is a smooth convolution kernel supported on a ball centered at the origin (that is, there is a 
(5o > such that k{z) > if ||2;|| < 6a, k{z) = if ||z|| > Sq, where || • || denotes the norm in and Sq 
represents the nonlocal dispersal distance), /^jv K{z)dz = 1, and /2(-, ■) is of the same property as /i in 
(HU) (see [3], 0, [H], dZ], Hg, 131], [35], gO], gl], etc.). Spatially discrete dispersal equations of 
the following form arise when modeling the population dynamics of species living in patchy environments, 

ut{t,j) = ak{uit,j + k)-u{t,j))+u{t,j)f3{j,u{t,j)), 3 £ Z^, (1.3) 

keK 

where K ^ {k <E | ||fc|| — 1}, ak{k e K) are positive constants, and /3(j, w) < for u ^ 1 and 
duh{i,u) < for w > (see EI], gT], gS], [SS], [55], [51], [70], etc.). 

Spatial spreading dynamics is one of the central dynamical issues of (|l.ip - (jl.3p . Roughly speaking, 
it is about how fast the population spreads as time evolves. E.g., letting Ti. = in the case (|l.ip and 
((L2)) and H = in the case of dO]), £, e 5^"^ := {C 6 R^| ||CII = 1}, and a given initial population 
uq satisfy for some cfq > that uo{x) > ctq for x £ Ti with x ■ ^ <^ —1 and uo{x) — for x £ H with 
x • f ^ 1 (x • ^ is the inner product of x and ^), how fast docs the population invade into the region with 
no population initially? 

Since the pioneering works by Fisher [53] and Kolmogorov, Petrowsky, Piscunov [33] on the following 
special case of (jl.ip 

ut{t,x) = Uxxit,x) + u{t,x){l - u{t,x)), .T e M, (1.4) 
a vast amount research has been carried out toward the spatial spreading dynamics of p.ip - p.Sp with 
fi{-, •) {i = 1, 2, 3) being periodic in the space variable, which reflects the spatial periodicity of the media. 
See, for example, [1], [2], [5], [6], [7], [25], [30], [34], [37], g3], [44], [45], [50], [52], [53], [54], [56], [68], 
[Sg, [7D], etc. for the study of (dH]) in the case that fi{x, u) is periodic in x, see [H], [H], [20], [35], [H], 
[62], [63], [64], etc. for the study of (|1.2p in the case that f2{x,u) is periodic in x, and see [10], [11], [12], 
[57] . [55] . [ig, [35], [35], [5S], [70], [75], etc. for the study of (jO]) in the case that f3{j,u) is periodic in 
J. In such cases, the spatial spreading dynamics is quite well understood. For example, consider (jl.ip 
and assume that fi{x + PiBj, u) = fi{x, u) for i ~ 1, 2, • • • , A^, where (i = 1, 2, • • • , iV) are positive 
constants and 

Gi = (^ii,'5i2, ■ • ■ ,^iAr), % = 1 if I = j and if i 7^ j. 
If the principal eigenvalue of the following eigenvalue problem associated to the linearized equation of 
(jLT]) at w = 0, 

|Am(x) +/i(a;,0)u(a;) = Am(x), x £ ^^^^ 

I it(a: + PiGj) = w(a;), a; £ K^, 
is positive, then (jl.ip has a unique positive stationary solution u\{^-) with m5^(- +piei) = mJ(-) and for any 
^ £ S^~^ := {(, £ M.^ I ll^ll = 1}, (jl.ip has a spreading speed cj(5) in the direction of ^ in the following 
sense (see Definition 12 . 1 1 for detail): for any given bounded uq £ C {M.-^ ,'R.'^) with liminf2;.j^_oo ^0(2;) > 
and uo{x) = for a; • ^ » 1, 

liminf inf ui{t,x]Uo)>0 Vc<cJ(^) 

and 
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limsup sup a;; uo) = Vc > c5^(^), 

where ui(t,x;uo) denotes the solution of (|l.ip with iti(0,.T;uo) = wo(a;). Observe that (|l.ip has also 
traveling wave solutions which connect u\{-) and and propagate in the direction of ^ with speeds 
greater than or equal c\{£) and there is no such traveling wave solution of slower speed (see [7], HH, [57] . 
[70] for the definition of spatially periodic traveling wave solutions) . Hence c{ (^) is also the minimal wave 
speed of traveling wave solutions propagating in the direction of ^. See [7], [31], [H], [70] for the above 
mentioned results for ([TT]) and see [62], [63], [64] for similar results for (HH]) and [28]. [29]. [35]. [44]. [70]. 
[72] for similar results for (jl.3|) . 

In the current paper, we consider (|l.ip - ()1.3|) in the case that the growth rates depend on the space 
variable, but only when it is in some bounded subset of the underlying media, which reflects the localized 
spatial inhomogcneity of the media. More precisely, let 

(1.6) 

I n,3 = . 
We assume 

(HI) fi'.'Hiy.M.^M.isaC'^ function, fi{x,u) < for all {x,u) G Hi x R+ with u > /3q for some 
Po > 0, and dufi{x, u) < for all {x, u) e Hi x K+, where 1 = 1,2, 3. 

(H2) fi{x,u) ~ fi{u) for some C'^ function /" : M — > K and all {x,u) eHi xR with \\x\\ > Lq for some 
Lo > 0, and /0(0) > 0, where i = 1, 2, 3. 

Assume (HI) and (H2). Then ()1.1|) . ()1.2|) . and ()1.3|) have the following limit equations as ||a;|| — > oo 
or IIjII ~> oo, 

utit,x) ^ Au{t,x) +u{t,x)f^{u{t,x)), xeR^, (1.7) 
ut{t,x)= K{y-x)u{t,y)dy-u{t,x)+u{t,x)f°{u{t,x)), xGR^, (1.8) 

and 

Ut{t,j)^Y.''kHt,j + k)-u{t,j)) + u{t,j)f^{u{t,j)), jeZ^. (1.9) 

keK 

Equations ((TT} . ([TTS)) . and wiU play an important role in the study of ([TT]) . (fOI) . and ([O]) . Clearly, 
(|1.7p has similar spatial spreading dynamics as that of (|1.4p . that is, it has a unique positive constant 
solution Ui and has a spatial spreading speed cK^) in the direction of ^ for every ^ 6 S^~^. Equations 
(jl.Sp (rcsp. (|1.9p ) has similar properties as that of (|1.7p . that is, (|1.8p (rcsp. (|1.9p ) has a unique positive 
constant stationary solution (resp. U3) and has a spatial spreading speed C2(^) (resp. C3(^)) in the 
direction of ^ for every ^ G S^^^ (see Definition 12 . 1 1 for detail). 

Our objective is to explore the spatial spreading dynamics of (|l.ip - (|1.3p with localized spatial inho- 
mogcneity. The main results of this paper can be summarized as follows: 

• Assume (HI) and (H2). Then p.ip (resp. (|1.2p . (|1.3p ) has a unique positive stationary solution 
ul e C(R^,R+) {resp. ul e C(R^,R+), ul e C(Z^,R+)) satisfying that inf^gRiv it^(a;) > {resp. 
inf^gRiv u^{x) > 0, infjgz" W3O')) and\imi\^i\^^ul{x) = it? {resp. lim||^||_^^ it5(a:) = it§, limn^n^^oo "aC?) = 
W3). Moreover, u — u*{-) is globally asymptotically stable with respect to positive perturbations {and hence 
u = is an unstable stationary solution of {l.i)) {i ~ 1, 2, 3) (sec Theorem 12. ip . 
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• Assume (HI) and (H2). Then {resp. (|1.2p . ([TT3|)) /las a spatial spreading speed cK^) {resp. C2{£,), 
c^{^)) in the direction of ^ for every ^ G S^^^ {see Definition \2.1\ for the definition of spreading speeds). 
Moreover, c*(0 = c\{C) {resp. c^(0 = cO(0, c^(0 = c!^(0) M C e S"^"!, where c?(0 (resp. c§(0, 
^3(0) ^^'5 spatial spreading speed of (jl.7p {resp. (jl.81) . p.9p ) m t/ie direction of ^ (see Theorem 12. 2p . 

• Assume (HI) anrf (H2). T/ien f/ie solution of {resp. (|1.2p . (|1.3p ) wzi/i a nonnegative ini- 
tial data which has a nonempty compact set spreads neither slower than mf{cl{£^)\^ G 5*^^^} (resp 
inf{c2(OI^ e S*"-!}, inf{c^(0|e G S'^-^}) nor faster than sup{cl{0\£. e S'^-^} {resp sup{c^(^)|^ € 
S"^-!}, sup{c^(e)|^ G S"^-!}) (sec Theorem O for detail). 

The above results reveal such an important biological scenario: the localized spatial inhomogeneity of 
the media does not prevent the population to persist and to spread, moreover, it neither slows down nor 
speeds up the spatial spread of the population. 

It should be pointed out that the authors of [33] considered the transition fronts, which are general- 
izations of traveling wave solutions, of (jl.ip in the case that N = 1, f{x, 1) — 0, and f{x,0) > 0. They 
provided conditions under which transition fronts of exist and also showed that (|l.ip may not have 
transition fronts. Hence the localized spatial inhomogeneity of the media may prevent the existence of 
transition fronts. 

We remark that in literature (resp. (jl.2p . p.3p ) with fi{x,u) (resp. f2{x,u), f3{j,u)) being 

decreasing in u and negative for m ^ 1 and u = being an unstable solution is called a Fisher type or 
KPP type or monostable equation. The reader is referred to [3], [15], [SI], and references therein for the 
study of transition solutions of general spatially inhomogeneous Fisher or KPP type equations and to 
|33j . |58|-|61j for the study of spatial spreading dynamics of general temporally inhomogeneous Fisher or 
KPP type equations. 

We also remark that it would be interesting to study the spatial spreading dynamics of KPP type 
equations in inhomogeneous media with more general limit media, say, equation (l.i) {i = 1,2,3) with 
fi{x,u) being replaced by fi{t,x,u) satisfying that fi{t,x,u) — f^{t,x,u) as ||a;|| — > 00 for some 
function f^{t, x, u) which is periodic in t and/or x. We will consider such general case elsewhere. 

The rest of the paper is organized as follows. In section 2, we introduce the standing notions to be 
used in the paper and the definition of spreading speeds and state the main results of the paper (i.e. 
Theorems 12.11 12.21 and 12. 3|) . In section 3, we present some preliminary materials to be used in later 
sections. Section 4 is devoted to the study of positive stationary solutions of (|l.ll) - (|1.3|) . Theorem 12. H is 
proved in this section. In section 5, we explore the existence of spreading speeds of p.ip - (|1.3p and prove 
Theorems O and O 

2 Standing Notions, Definitions, and Main Results 

In this section, we first introduce some standing notations and the definition of spreading speeds. We 
then state the main results of the paper. 

Let Hi be as in (|1.6p . Let p = {pi,p2, ■ ■ ■ ,Pn) with > for i = 1, 2, • • • ,N. We define the Banach 
spaces Xi^p (z = 1, 2) by 
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Xi^p^{ueCiR'\R)\ui-+p,ei)^u{-), i = l,...,N} (2.1) 
with norm HwUxi ^ ~ niaxj.gj{iv and 

^2,p = ^i.p (2-2) 
(the mtroduction of X2^p is for the convenience in notation). If pi €E N, we define X^^p by 

X3,p = {ue C{Z^,R) I u{- + p,ei) = u(-), i = 1, 2, • • • , iV} (2.3) 
with norm ||u|lx3p = max^g^" l^i(i)l- Let 

X+p = {ue X,^p I uix) > e n,} (2.4) 

and 

Xtp = {" G X,,p I u(a;) > Vx G (2.5) 
for i = 1, 2, 3. We define X, {i = 1, 2, 3) by 

Xi = {u e C(M^,M) I u is uniformly continuous and bounded} (2-6) 

with norm = sup^gjjw |m(x)|, 

X2 = (2.7) 
(again the introduction of X2 is for the convenience in notation), and 

X3 = {u e C(Z^, M) I u is boimded} (2.8) 

with norm ||m||x3 = sup^g^" Let 

X+ = {ueX,\ u{x) > Vx € -Hi} (2.9) 

and 

X++ = {ueX+\ inf u{x)>Q} (2.10) 

for j = 1,2,3. 

If no confusion occurs, we may write || • \\xi ^ and || • \\xi as j| • || {i ~ 1, 2, 3). 

Assume (HI). By general semigroup theory (see [3T], [SS|), for any uq G Xi (resp. uq G X2, 
uq G X3), (II. 1|) (rcsp. (|1.2[) . (|1.3p ) has a unique local solution ui(t, ■;uo) (resp. U2{t, ■;uo), W3(i, •;uo)) 
with wi(0,-;uo) = uo{') (I'csp. U2(0,-;uo) = wo(-), 1(3(0, ^wo) = "o('))- Moreover, if uq G X^^, then 
Mi(i, •; Uq) exist and Ui(t, ■; uq) G for all t > (i = 1, 2, 3) (see Proposition 13. 2p . 

Let 

^^-i = {eGM^iiieii-i}. (2.11) 

For given ^ G S^^^ and u G X^^, we define 

liminf u{x) = liminf inf u(x). 
For given u : [0, 00) x 7^.; M (1 < i < 3) and c > 0, we define 

liminf u(t, x) = liminf inf u{t,x), 

x-^<ct,t—yoo t— >oo x£'H.i,x-^<ct 

limsup u(t, a;) = limsup sup u{t,x). 

3;-5>ct,t— >oo t— >oo xe'Hi,x-^>ct 

The notions limsup u{t,x), limsup u{t,x), limsup u(t,a;),and limsup u(i, x) are defined 

\x-^\<ct,t^oG \x-^\>ct^t^oo \\x\\<~ct^t^oo \\x\\>ct^t^oo 

similarly. We define X+{^) (i = 1, 2, 3) by 

X+(C) = {u G X+ I liminf u(a;) > 0, m(x) = for a; ■ ^ > 1}. (2.12) 

a.> ^ — >■ — 00 
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Definition 2.1 (Spatial spreading speed). For given ^ £ S and given i E N {1 < i < 3), a real 
number c*(^) is called the spatial spreading speed of (l.i) in the direction of £^ if for any uq G X^{S^), 

liminf Ui{t,x;u()) > Vc < c*(^) 

and 

limsup Ui{t,x;uo) — Vc > c*(^). 

X'^>Ct,t—^00 

The main results of this paper are stated in the following three theorems. 

Theorem 2.1 (Positive stationary solutions). Assume (HI) and (H2). 

(1) (Existence) Equation p. II) [resp. (|1.2I) . (|1.3p ) has a unique stationary solution u — u\[-) £ 
{resp. u = U2(') £ J u = ^si') £ -^3^)- Moreover, 

lim sup \u*{x) — \ = 0, 
xeni..\\x\\>r 

where > is such that ff{u^) = and i = 1, 2, 3. 

(2) [Stability) For any uq e X^^*"^ , limj^oo \\ui{t, ■■,uo) ~ u*(-)I!a-, = 0. 

(3) (Stability) For any uq G \ {0}, \ilLRt-^oo Ui{t, x] uq) = u*{x) uniformly in x on bounded sets. 

Theorem 2.2 (Existence and characterization of spreading speeds). Assume (HI) and (H2). Then for 
any given ^ G S^~^, (jl.ip (resp. (|1.2p . (|1.3p ) /las a spreading speed cj(^) (resp. C2(0, C3(^)) in t/ie 
direction of ^. Moreover, for any uq G X^{£^), 

liminf |ui(<,x;uo) -<(a;)| =0 Vc < c*(0, (2.13) 

and 

c*(0 = c^(0 for i = l,2,3, 

w/iere 



eO(^) ^ inf iim±JL ^ 2./m, (2.14) 
,0(^) ^ /«.e-^-^.(.)..-l + /2"(0)^ 

are i/ie spatial spreading speeds of (jl.7p . (jl.Sp . and (jl.9p in t/ie direction of S,, respectively. 

Theorem 2.3 (Spreading features of spreading speeds). Assume (HI) and (H2) and 1 < i < 3. Then 
for any given ^ G S"^"^, t/ie following hold. 

(1) For each uq G X^ satisfying that uo{x) = for x G Tii with jx • ^| ^ 1, 

limsup Ui{t,x;uo) = Vc > max{c*(^), c*(— ^)}. 

\x-^\>ct,t^oo 

(2) For each cr > 0, r > 0, and £ satisfying that uq{x) > a for x € Hi with \x ■ £,\ < r, 

limsup \ui{t,x;uQ) ~ u*{x)\ ~ VO < c < min{c*(^), c*(— ^)}. 

\x-^\<ct,t^oo 
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(3) For each ito G satisfying that uo{x) = for x £ Hi with \\x\\ S> 1, 

limsup Ui(t, x; mq) = Vc > sup c,*(^). 

lkll>ct,t^oo Ces"-i 

f-^j For each a > 0, r > 0, and Uq E satisfying that uo{x) > a for \\x\\ < r, 

limsup a:; uo) — u*(x)\ ^ VO < c < inf c,*(^). 

\\x\\<ctA^-^oo Ces"-i 

To indicate the dependence of u*{-) and c*(^) on /i, we may sometime write u*{-) and c*(^) as 
<(•; /i(-) •)) and c*(C; •)), respectively. 

3 Preliminary 

In this section, we present some preliminary materials to be used in later sections, including some basic 
properties of solutions of (|l.ip - (|1.3p : principal eigenvalue theories for spatially periodic dispersal operators 
with random, nonlocal, and discrete dispersals; and spatial spreading dynamics of KPP equations in 
spatially periodic media. 

3.1 Basic properties of KPP equations 

In this subsection, we present some basic properties of solutions of p.ip - (|1.3p . including comparison 
principle, global existence, convergence in open compact topology, and decreasing of the so called part 
metric along the solutions. Throughout this subsection, we assume (HI). 

Let Xi, X2, and X3 be as in (|2.6p . (|2.7p . and (|2.8p . respectively. For given uq e Xi (rcsp. E X2, 
Uq G X3), let ui{t,-;uo) (resp. U2{t, ■;uo), W3(t, •;?io)) be the (local) solution of (II. ip (rcsp. (II. 2p . (|1.3p ) 
with ui(0, ■; Uq) = uo{-) (resp. ^2(0, ■; uq) = wo(-), "3(0, •; uq) = uo{-)). 

Let X+ and {i = 1, 2, 3) be as in (US]) and (^JU)) . For given 1 < i < 3 and u,v £ X„ we define 

u<v {u>v) if V -ue X+ {u-v <E X+) (3.1) 

and 

w < w (w > w) if w - li G X++ {u-v e X++). (3.2) 
For given continuous and bounded function u : [0, T) x — > M, it is called a super- solution {sub- 
solution) of (fTTj) on [0, T) if 

ut{t,x) > {<)Au{t,x) +u{t,x)fi{x,u{t,x)) y{t,x) G (0,r) xM^. 

Super-solutions (sub-solutions) of (|1.2p and (|1.3p arc defined similarly. 

Proposition 3.1 (Comparison principle). Assume (HI). 

fij Suppose that u^(t,x) and u^it^x) are sub- and super-solutions of (jl.ip {resp. (|1.2p . (jl.3p ) on [0,r) 
withu^{0,-) < m2(0,-). Thenu^{t,-) < u^{t,-) fort G (0,r). Moreover, i/ii^O, ■) 7^it^(0,-), i/ien 
w^(t, x) < w^(t, x) for X G Hi {resp. x G H2, G H3) anc? t G (0, T). 

('^j IfuQi,uo2 G and wqi < U02 (1 < * < 3), then Ui{t, ■;uqi) < Ui{t, ■;uo2) fort > at which both 
Wi(t, •;uoi) and Ui{t, ■]Uf)2) exist. 
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(3) If uoi,ua2 e Xi and uqi < uq2, woi 7^ 1*02 (1 < * < 3), then u,;(t, a;; uoi) < Ui{t,x;uo2) for all 
X £ Hi and t > at which both Ui{t, ■; uqi) and Ui{t, •; UQ2) exist. 

(4) IfuQi,UQ2 G Xi and uqi <^ uq2 (1 < * < 3), then Ui{t, ^Uoi) Ui{t, ■]U{)2) for t > at which both 
Ui{t,-;uoi) and Ui{t, ■;uq2) exist. 

Proof. (1) The case i = 1 follows from comparison principle for parabolic equations. The case i = 2 
follows from [62l Propositions 2.1 and 2.2]. The case i = 3 follows from comparison principle for lattice 
differential equations (see the arguments in [13[ Lemma 1]). 
(2) and (3) follow from (1). 

(4) We provide a proof for the case i = 2. Other cases can be proved similarly. Take any T > such 

that both U2{t, ^uoi) and U2{t, ■;uq2) exist on [0, T]. It suffices to prove that U2{t, •;wo2) S> U2{t, sttoi) 

for t G [0, T]. To this end, let w(t,x) = U2{t,x;uQ2) — U2{t,x;uoi). Then w{t,x) satisfies the following 

equation, „ 

Wt{t,x)= / K{y — x)w{t,y)dy — w{t,x) + a{t,x)w{t,x), 



where 

a{t,x) =f2{x,U2{t,x;uo2)) 

+ U2{t,x;uoi) / duf2{x,su2{t,x;uo2) + {I - s)u2{t,x;uoi))ds. 
Jo 

Let M > be such that M > sup^^j^w jg[o '7-](l — a{t,x)) and w(t,x) = e^*w{t,x). Then w{t,x) satisfies 



wt{t,x)^ / K{y - x)w(t,y)dy + [M - I + a{t,x)]w(t,x). 
Let K. : X2 ^ X2 he defined by 

{ICu){x) = / K{y — x)u{y)dy for u £ X2. (3-3) 

JR" 

Then K. generates an analytic semigroup on X2 and 

w{t, •) = e'C*(uo2 - uoi) + f e'^(*-")(M - 1 + a(T, ■))w{t, ■)dT. 



Observe that e'^*ito > for any uq G X2 and t>Q and e'^*ito ^ for any G ^2^^ and t>{). Observe 
also that U02 - moi e X++ . By (2), w{t, •) > and hence (A/ - 1 + a(T, •))w(t, •) > for t G [0,r]. It 
then follows that •) ^ and then w{t, •) (i.e. U2{t, •; W02) ^ W2(i, •; uqi)) for t G [0, T]. □ 

Proposition 3.2 (Global existence). Assume (HI). For any given 1 < ? < 3 and uq G X^^, Ui(t, •;mo) 
exists for all t > 0. 

Proof Let 1 < i < 3 and no G X+ be given. There is Af > 1 such that < uo{x) < M and f^{x, M) < 
for all X G Hi. Then by Proposition 13. 11 

< u,{t,-,uo) < M 

for any f > at which Ui{t,-;uo) exists. It is then not difficult to prove that for any T > such 
that Ui{t,-]Uo) exists on (0,T), Imit^T Ui(t, ■■,uq) exists in Xi. This implies that Ui{t,-]Uo) exists and 
u,{t,-;uo) >0 ioT allt>0. □ 



8 



For given u, v £ define 

Pi{u, v) = inf {In a \ —u < v < au, a > 1}. 
a 

Observe that pi{u,v) is well defined and there is a > 1 such that pi{u,v) = In a. Moreover, pi(u,v) = 
Pi{v, u) and pi(u, v) = iS u = v. In literature, pi{u, v) is called the part metric between u and v. 

Proposition 3.3 (Decreasing of part metric). For given 1 < i < 3 and uq,vo E with uq ^ vq, 

Pi{ui(t, ■;uQ),Ui(t, ■;vo)) is non-increasing in t £ (0,cxd). 

Proof. We give a proof for the case i = 1. Other cases can be proved similarly. 

First, note that there is a* > 1 such that pi{uo,vo) = Ina* and -^uq < vq < a*uo. By Proposition 

EH 

ui{t, --jVo) < ui{t, ■;a*UQ) for t > 0. 
Let v{t,x) = a*ui(t,x;uQ). Then 

vt{t,x) = Av{t,x) +v{t,x)fi{x,ui{t,x;uo)) 

= Av{t,x) +v{t,x)fi{x,v{t,x)) +v{t,x)fiix,ui(t,x;uo)) ~ v[t,x)Ji{x,v[t,x)) 
> Aw(t, x) + v{t, x)fi{x, v{t, x)). 

This together with Proposition 13.11 implies that 

•; a*Mo) < a*ui(i, ■; tio) for t>0 

and then 

ui{t, ■;vo) < a*ui{t, ■;uo) for i > 0. 

Similarly, it can be proved that 

■\ui{t,-;uo) < ui{t,-;vo) for t > 0. 
a 

It then follows that 

pi{ui{t, ■;uo),ui(t, ■■,vo)) < piiuo.vo) Vt > 

and hence 

Pi(iti(i2,-;uo),'"i(i2,-;wo)) < pi(wi(ii,-;'"o),'«i(ii,-;i'o)) VO < ti < t2. 

□ 

To indicate the dependence of solutions of (|l.ip - (|1.3p on the nonlinearity, we may write Ui{t, •; uq) as 
Uiit^ ■))• Observe that for any z^i e T-Li, if {zn} is a bounded sequence, then there are z* e Hi 

and {zn^} C {zn} such that z„j, z* and fi{x + , u) — > /^(a; + z* ,u) uniformly in (.t, u) on bounded 
sets. If {^Ti} is an unbounded sequence, then there is z„j, such that fi{x + z„j., u) fiiu) uniformly in 
{x, u) on bounded sets. 

Proposition 3.4 (Convergence on compact subsets). Given 1 < i < 3, suppose that Mo„,tto £ 
(Vi = 1, 2, • ■ • {||uo,i||} is bounded, and uan{x) uo{x) as n ^ 00 uniformly in x on bounded sets. 

(1) If z„, z* £ TLi {n — 1,2, ■ ■ ■) are such that fi{x + z„, u) fi{x + z* ,u) as n 00 uniformly in 
{x,u) on hounded sets, then for each t > 0, Ui{t,x;uQni fi{' + Zn,-)) — > Ui{t,x;uQ,fi{- + z* , ■)) as 
n — !> 00 uniformly in x on bounded sets. 
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(2) If Zn G Hi {n — 1,2, ■ ■ ■) are such that fi{x + z„, u) — >■ ,fi{u) as n oo uniformly in (x, u) on 
bounded sets, then for each t > 0, Ui(t, x; fi{- + Zn, ■)) — S> Ui{t, x; Uq, (•)) as n oo uniformly 
in x on bounded sets. 

Proof. We prove (1) with i = 2. All other cases can be proved similarly. 

Let = U2{t, x; uon, /2(- + Zn, •)) - U2{t,x; uo, /2(- + z*, •)). Then v'^{t,x) satisfies 



vl'{t,x)^ / K{y-x)v''it,y)dy-v'''{t,x)+anit,x)v''(t,x)+bnit,x), 

where 

a„(t,a;) =/2(a: + z„, W2(i, x; uo„, /2(- + Zn, ■))) + U2it, x;uo, f2{- + z* , •)) 

■ / duf2{x + Zn,SU2{t,X;U0n,f2{- + Zn, ■)) + (1 " s)u2{t , X; Uq , /2(- + Z* , ■)))ds 

Jo 

and 

bn{t,x) ^U2{t,X;Uo,f2{- + z*, •)) 

■ {f2{x + Zn,U2{t,x;uo, /2(- + z* , ■))) - /2(a; + z*,U2{t,x;uo, /2(- + z*, ■))))■ 

Observe that {a„(f,x)} is uniformly bomided and continuous in t and x and bn{t,x) as n — > oo 
uniformly in i € [0, oo) and x on bounded sets. 
Take a p > 0. Let 

X2{p) = {ue C{R^,R) I u(-)e-''"-" e X2} 
with norm ||tt||p = ||u(-)e~''ll'll ||. Note that K. : X2{p) X2{p) also generates an analytic semigroup, 
where K, is as in p.3p . and there are M > and w > such that 



\\e^'^-^^'\\x,ip) < Me"* Vt > 0, 
where I is the identity map on X2{p). Hence 

v^{t, •) =e('=-^)*w"(0, •) + /* e('=-^)(*-^)a„(r, >"(r, ■)d7 

Jo 



and then 

lk"(i,-)IU.(p) <Me-*||^;"(0,•)||x.(p)+M sup |a„(T,x)| f e"(*--)||z;"(r, ^[^.(rtdr 

re[o,t], 



<Me-*||«"(0,.)|U.(p)+M sup K{t,x)\ e"(*-^)||z;"(r, OlU.irtdr 

re[0,t],2;eR" Jo 

+ — sup 6„ r,- ^2( )e"'. 
relo.t] 

By Gronwall's inequality, 

■)\\x..ip) < e(-+^^-P^.[o.,...«« I""(-'-)I)*(a/||^;"(0, .)|U,(p) + - sup ||&„(r, .)||x.(p)) ■ 
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(3.4) 



N (3-5) 



(3.6) 



Note that ||u"(0, •)llx2(p) ^ ^'^'^ ^^PT£[o,t] \\bn{T, ■)\\x2{p) ^> as n — oo. It then foUows that 

\K{t,-)\\x2{p) ^0 as n^oo 

and then 

U2{t,x;uo„, f2{- + Zn, U2it,x;uo,f2i- + z*,-)) as n -> oo 
uniformly in x on bounded sets. □ 

3.2 Principal eigenvalues of spatially periodic dispersal operators 

In this subsection, we present some principal eigenvalue theories for spatially periodic dispersal operators 
with random, nonlocal, and discrete dispersals. 

Let p = {pi,P2, ■ ■ ■ ,Pn) with pi > for i = 1,2, ■ ■ ■ , N and Xi p be as in (|2.1[) - (|2.3p . When X3 p is 
considered, it is assumed that pi £ N. We will denote I as an identity map on the Banach space under 
consideration. For given ^ G S"^^^, /i e M, a,; G {i — 1,2,3), consider the following eigenvalue 

problems, 

jAu{x) ~ 2/i^ • Vu{x) + {ai{x) + tx^)u{x) = Xu{x), x £ ™^ 
yu{x + piBi) ^ u{x), a; e 

/ /k" e-^(^""')-«K(y - x)u{y)dy - u{x) + a2{x)u{x) = \u{x), a; £ 
]u{x+Piei)~u{x), a; G 

and 

lEkeK ak{e-'^''<uij + k) - u{])) + a^UHj) ^ XuU), j e 
\u{j +p^ei) ^ u{j), jeZ 

Observe that when /i = 0, p.4p . (\'S.5\i . and p.6p are independent of Observe also that if u(t,x) = 
e~^^^'^~~*'' 4>{x) is a solution of 

ut{t,x) ^ Au(t,x) +ai{x)u(t,x), a; G (3.7) 

with (/)(•) G Xi^p \ {0}, or a solution of 

ut{t,x) = I k{y — x)u{t,y)dy — u{t,x) + a2{x)u{t,x), a; G (3.8) 

with (/){■) G X2,p \ {0}, or a solution of 

'^t(i,j)= I]afc(^(^,a;+j)-"(i,j)) + a3(j>(<,j), J £ (3.9) 

with 0(-) G X-s,p \ {0}, then A is an eigenvalue of p.4p or (j33)) or (|3.6I) with (/){■) being a corresponding 
eigenfunction. If ai(a;) = /i(a:, 0) (resp. 02(3;) = f2{x,0), a3{j) = /3(j, 0)), then p.7p (resp. p.Sp . p.9p ) 
is the linearized equation of (|l.ip (resp. (|1.2p . (|1.3p ) at u = 0. 
Define O,,^,^ : P(0.,^,^) C X,^p -> X,,^ (i = 1, 2, 3) by 

(Oi,^,5u)(a;) = Au{x) - 2^^ ■ \7u{x) + (ai(a;) + n^Mx) Vu G 2?(Oi,p,c) ^ -^i.P' (3-10) 

{02.p.^u){x)= [ e-^^y~^^<K{y-x)uiy)dy-uix)+a2ixHx) Vit G P(02,^,c) = ^2,^ (3.11) 

and 

{03^p,iu)ij) = ^ afc(e-^'=-«M(j + fc) - w(j)) + a3(.7>(j) Vm G ^(Oa.M,^) = ^3.p. (3.12) 

k&K 

Let cr(C'i.p.5) be the spectrum of 0;,^,^ (i = 1,2,3). 
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Definition 3.1. Let I < i <3, fi e M, and £ e S^^'^ be given. A real number Xi(fj,,£,ai) e R is called 
the principal eigenvalue of Oi^^^(^ if it is an isolated algebraic simple eigenvalue of Oi^^^^ with a positive 
eigenfunction and for any A € (T(C'i_^_^) \ {Xi{^i,£,ai)}, ReA < Ai(/i,^, Oi). 

For given 1 < i < 3, ^ G M, and ^ G S'^-\ let 

A°(/^, e, a,) = sup{Re/x | fi G <j{0^,^,i)}. (3.13) 

Observe that for any /i G M and ^ G S'^~^, Oi,f^^^ generates an analytic semigroup {Ti{t)}t>o in Xi,p and 
moreover, Ti{t) is strongly positive (that is, Ti{t)uo > for any t > and uq G X^^ and Ti{t)uQ ^ 
for any i > and uq G \ {0}). Then by HH Proposition 4.1.1], r(T,(t)) G cr{T,{t)) for any t > 0, 
where r{Ti{t)) is the spectral radius of Ti(t). Hence by the spectral mapping theorem (see [HI Theorem 
2.7]), Xi{fi,£,ai) G a{Oi^f_i^^) for i = 1,2,3. Observe also that A-'(0,^, a^) (i = 1,2,3) are independent of 
^ G 5^-^ We may then put 

A^(a,) = A^(0,C,aO, * = 1,2,3. 

It is well known that the principal eigenvalue Ai(/i,^, oi) and A3(/i,^, 03) of Oi.^.j and Oa.p.^ exist 
for ah /Lt G M and ^ G ^^^^ and 

Ai(/^,C,aO = A-(/x,^, fli), 1 = 1,3. 

The principal eigenvalue of 02.^i.^ may not exist (see an example in [62]). If the principal eigenvalue 
A2(/i,'^,a2) exists, then 

A2(Ai,C,a2) = A2(/i,^,a2). 

Regarding the existence of principal eigenvalue of 02,p,,(^, the following proposition is proved in |62| . |63| . 

Proposition 3.5 (Existence of principal eigenvalue). (1) // 02 G C^(M^,M) n X2.P and the partial 
derivatives 0/02(2;) up to order N — 1 are zero at some xq satisfying that 02(2:0) ~ maxj-g^jv 02 (x), 
then the principal eigenvalue A2(/^, 0,2) of 02,^,^ exists for a/? /i G M and ^ G S^^^ . 

(2) If a2{x) satisfies f/iaf max^-g^" 02(2;) ~ min^jg^jv 02(2;) < inf^ggw-i J__^^gk{z)dz, then the principal 
eigenvalue A2(/i,^,a2) 0/02.^.5 exists for aZ/ /i G M and ^ G 5"'^^"'^. 

Proof. (1) It follows from [62l Theorem B]. 

(2) It follows from [631 Theorem b']. □ 

Let Qi be the average of ai(-) (i = 1, 2, 3), that is, 

jcLi = ^ /^^ a^{x)dx for i = 1, 2 

where 

A = [0,pi] X [0,|J2] X •■• X [0,p7v]nH„ i = 1,2,3 (3.15) 



(3.14) 



(3.16) 



and ( 

I |A| = Pi X p2 X • ■ • X PAT for i = 1, 2 

I #-D3 = the cardinality of D3. 
By Proposition 13.51 (2). A2(/i,^, 02) exists for all /i G K and ^ G 5^^^. The following proposition shows 
a relation between A°(//, ^, a.^) and A?(/i, ^, a;). 
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Proposition 3.6 (Influence of spatial variation). For given 1 < i < 3, yU G M, and ^ £ ^, there holds 

Proof. The case i = 1 is well known. The cases i = 2 and 3 follow from [32l Theorem 2.1]. □ 

We remark that Xi{iJ,, ^, ai)(= ^iil^i ^i)) (* ~ li 2, 3) have the following explicit expressions, 

Ai(/x,^, ai) = ai 

A2(At, ^, 62) = /kn e~^^^'^K{z)dz - 1 + a2 (3-17) 
[ A3(m,^, 63) = TkeK afe(e-'^'= « - 1) + ^3. 

3.3 KPP equations in spatially periodic media 

In this subsection, we recall some spatial spreading dynamics of KPP equations in spatially periodic 
media. 

Consider 

ut(t,a;) = Au(i,a;) +u(i,a;)gi(x,u(t,x)), a; G M^, (3.18) 

Ut(t,x) = / K(y — x)u{t,y)dy — u{t,x) + u{t,x)g2{x,u(t,x)), x G M^, (3.19) 

and 

Mt,j) = ^afc(M(t,j + /c)-u(i,i)) + u(i,j)53(.7Xi,j)), JGZ^, (3.20) 

where gi{-, •) (i = 1, 2, 3) are periodic in the first variable and monostable in the second variable. More 
precisely, we assume 

(PI) 1 < « < 3 and gi : "Hi x W ^ M. is a C'^ function, gi(x + Pi^i, u) ~ gi{x, u), where pi > and pi G N 
in the case i = 3 (Z = 1, 2, • • • , N), and gi{x, u) < for all (a;, li) G Hi x R+ with u > uq for some ao > 
and dugi{x,u) < for all {x,u) E Hi x 

(P2) A°(gi(-,0)) > 0, where i ^ 1,2,3. 

Assume (PI). Similarly, by general semigroup theory, for any uq G Xi (resp. uq G X2, uq G ^3), (|3.18p 
(resp. p.igp . p.20p ) has a unique (local) solution ui(i, •; uq, (7i(-, •))(G Xi) (resp. U2{t,-;uo,g2{-,-)){^ 
X2), "3(^7 Wo, 53(-, •))(£ ^3)) with initial data uq{-). Moreover, if uq G Xi,p, then u,;(t, •; ito, g,;(-, •)) G 
Xi,p for any t > at which Ui(t, •; ug, gi(-, •)) exists (i ~ 1,2,3). By Proposition 13.11 if wo 6 -^t ^ then 
Ui(t, •; uo,gi{-, •)) exists and Ui(t, •; wq, (7i(-, ■)) G X^ for alH > (i = 1, 2, 3). 

Proposition 3.7 (Spatially periodic positive stationary solution). Assume (PI) and (P2). Then (|3.18p 
{resp. (j3.19p . p.20p ) /ia,s a unique spatially periodic stationary solution u^(-; gi(-, •)) G X^^ [resp. 
M2(-; 52(', •)) G -^2p' W3('! 33('j ■)) G "'^s^jj^) which is globally asymptotically stable with respect to pertur- 
bations m X+^ \ {0} {resp. X+^ \ {0}, X+^ \ {0}). 

Proof. The cases that i = 1 and 3 follow from [73l Theorem 2.3]. The case that i = 2 follows from [63l 
Theorem C]. □ 
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Proposition 3.8 (Spreading speeds). Assume (PI) and (P2). Then for any ^ e S^^^, (|3.18p {resp. 
p.l9p . (|3.20p ) has a spreading speed c'{{S^; gi{- , ■)) {resp. C2{S,] g2{' , ■)) , C^i^] Qii' t '))) ™ ihe direction of S^. 

Moreover, „ 

*/c r \\ ■ f ^ (M,C,g»(-,0)) , o q^ 

c»($;5i(-,-)) = mf (i = 1,2,3) 

and the following hold for i = 1,2,3. 

(1) For each uq G satisfying that Uo{x) = for x E Hi with \x ■ £,\ ^ 1, 

limsup Ui{t,x;uo,gi{-, •)) =0 Vc> ma.x{c*{£,; gi{-, ■)),£*{-£,; gi{-, ■))}. 

(2) For each ct > 0, r > 0, and uq G X^ satisfying that uo{x) > a for x G "Hi with \x ■ C,\ < r, 

limsup \ui{t,x\uo,g^{-, ■)) - u*{x\g^{-, ■))\ = 

for allO<c< min{c*(e; 5i(-, O), < (-^; •))}■ 
(^5^ For each uq G satisfying that uq{x) — for x G 7^; wif/i ^ 1, 

limsup Ui(i, a;;uo,5i(-, •)) = Vc> sup c*(^; 5i(-, •))• 

|{Kl[>ct,t^oo Ces"-i 

(4) For each a > 0, r > 0, and uq G X^ satisfying that uo{x) > cr for x E Tii with \\x\\ < r, 

limsup \ui{t,x;uo,g,{-,-)) -u*{x;g,{-,-))\=0 VO < c < mi c* {£,; gi{- , ■)) . 

\\x\\<ct,t->oo 5eS«-i 

Proof. The cases i = 1 and i ~ 3 follow from [44l Theorems 3.1-3.4 and Corollary 3.1] (see also [70l 
Theorems 1.2-2.3]) and the ease i = 2 follows from [531 Theorems D and E]. □ 

Let gi{u) (resp. g2{u), be the spatial average of gi{x,u) (resp. 172(2;, m), 33(2;, m)), respectively, 

that is, 

{9i{u) = j^\SoJi{x,u)dx for i = l,2 

where A (i = 1,2,3), \D^\ (i = 1,2) and #£'3 are as in (|XT5l) and (|3J6l) . 
Assume 

(P3) 3,(0) >0 (^ = 1,2,3). 

Observe that A,(g,;(0)) = g,(0). Then by Proposition EH (P3) implies (P2). Assume (P3). By 
ProDOsition l3.8[ for any^ G S^~-^, p.lSp (resp. p.l9p . p.20p ) with 51(3;, u) (resp. g2{x,u), gsijju)) being 
replaced by gi{u) (resp. g2{u), gain)) has a spreading speed cl{^;gi{-)) (resp. C2{£,; g2{-)), C^i^; gsi-))) in 
the direction of ^ G S^"^. 

Proposition 3.9 (Influence of spatial variation). Assume (PI) and (P3). Then for any ^ G S^^^ , 

c*{£,■,9^{■,■))>c*{i■rg^{■)), 1 = 1,2,3. 
Proof. Let ai(-) ~ gi{-,0). By Proposition 13. 8| 



c» (?; 5i(-, ■)) = inf and (^; gi(-)) = mf 

for 1 = 1,2, 3. By Proposition 13.61 

A^(/^,e,a,) > A^(M,e,a^) * = 1,2,3. 

The proposition then follows. □ 
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4 Positive Stationary Solutions and the Proof of Theorem 2.1 

In this section, we investigate the existence of positive stationary solutions of (|l.ip . (|1.2p . and (II. 3p . and 
prove Theorem 2.1. 

Throughout this section, we assume (HI) and (H2). We first prove some lemmas. 

Lemma 4.1. For any 1 < « < 3 and e > 0, there are p = {pi,p2, - ■ ■ ,Pn) G and hi G Xi^pDC^ {7ii,M.) 
such that 

fi{x,0) > hi{x) for X el-Li, 

k>f°{0)-e (hence A°(/i,(-)) > /°(0) - e), 
and for the cases that i = I and 2, the partial derivatives of hi(x) up to order N — I are zero at some 
Xq e Hi with hi{xo) = maxx eHii^) J where hi is the average of hi{-) {see (|3.14p for the definition). 

Proof Fix 1 < i < 3. By (H2), there is Lo > such that fi{x,0) ^ /°(0) for x e with ||a;|| > Lq. 
Let Mq = inf2;g-Hi,i<i<3 fi(x, 0). Let /iq : M -> [0, 1] be a smooth function such that ho{s) = 1 for \s\ < 1 
and ho{s) = for \s\ > 2. For any p = (pi,_p2, • • ■ ,Pn) e with pj > 4Lo, let h^ e X^^p n C'^iH^,R) 
(i = 1, 2, 3) be such that 

h.ix) = /f (0) - ho{t^) (/°(0) - Mo) for e ([-f , f ] X , |] x • • • x [-f , ^]) n U.. 
Then 

/,(a;, 0) > h,{x) Vx (E H,, 1 < i < 3. 
It is clear that for i = 1 or 2, the partial derivatives of hi{x) up to order — 1 are zero at some xq G T-ii 
with hi{xo) = max-x^-Hi hi(x)(= fi{0)). For given e > 0, choosing pj ^ 1, we have 

/i. >/,f(0)-e. 

By Proposition [mi A°(/ii(-)) > Xi{hi) = hi and hence 

A°(/..(-))>/°(0)-e. 

The lemma is thus proved. □ 

Lemma 4.2. Suppose that A/q] is Lebesgue measurable, where ao and Mq are two positive 

constants. If 

K,{y — x)u2{y)dy — U2{x) + U2{x)f2{x, ^2(2;)) =0 V.t e M^, 



where f2{x,u) = f2{x,u) or f2{u) for all x G and u eM., then U2{-) G ^2^ ■ 

Proof. We prove the case that f2{x, u) ~ f2ix, u). The case that f2{x, u) = /2 (m) can be proved similarly. 

Let h*{x) — /jjN K{y — x)u2{y)dy for a; G M^. Then is and has bounded first order partial 
derivatives. Let 

F(x, a) = h*{x)-a + a/2 (x, a) Vx G R^, a e R. 
Then : x R ^ R is and F{x, u*2{x)) = for each x G R". If a* > is such that F{x, a*) = 0, 

then . ^ , s 

-l + /2(x,a*) = -^<0 
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and hence 

daF{x,a*) = -1 + f2{x,a*) + a*duf2{x,a*) < 
By Implicit Function Theorem, U2{x) is in x. Moreover, 

dh'jx) 

Vx e R^, 1 < j < iv. 



dxj -1 + /(x, -1*2(2;)) + duf2{x, U2ix))u2{x) 
Therefore, has bounded first order partial derivatives. It then follows that U2ix) is uniformly continuous 
in X £ and then e X^+. □ 

Lemma 4.3. Suppose that u*{-) G and u = u*{-) is a stationary solution of (l.i) (1 < « < 3J. Then 

u*{x) — ?> as \\x\\ — !• 00. 

Proof. We first prove that 

u*i{x) — u\ as ||a;|| — 00. 
Assume that u\{x) 7^ u\ as ||x|| — > cxd. Then there are eo > and a-„ G R^ such that ||x-„|| — > 00 and 

?i*(a;„) — WjI > eo for n = 1, 2, ■ • • . 

By the uniform continuity of u\{x) in .t £ M^, without loss of generality, we may assume that there is a 
continuous function u\ : R^ — > [ctq, -^^o] for some do, -^-'^o > such that 

Ui{x + Xn) u[(x) 

as n ^ 00 uniformly in x on bounded sets. Moreover, by a priori estimates for parabolic equations, u\ is 
(j'2+a Jq^. gQj-^g a > and we may also assume that 

A?ii(x + Xn) — >■ /^u\{x) 

as n — 00 uniformly in x on bounded sets. This together with /i(a; + a;„, u) fiiu) as ri 00 uniformly 
in X on bounded sets and in u G R implies that 

Aw* +ut/i"(u*) = 0, xeW^. 

By Proposition 13.71 we must have Ui{x) = u*(a;; /{*(•)) = and hence u^(a;„) as n ^ 00. This is 

a contradiction. Therefore ul{x) as — >■ cxd. 

Next, we prove that 

1*2(2;) — > 1*2 as ||x|| — > CXD. 

Similarly, assume that 1*2(2;) 7^ as ||a;|| — 00. Then there are eo > and Xn G R^ such that ||a;„|| 00 
and 

\u2{xn) "1*21 — ^0 for n = 1, 2, ■ • • . 
By the uniform continuity of 1*2(2;) in x 6 'R^ , without loss of generality, we may assume that there is a 
2 

U2{x + Xn) "> "2(2;) 



continuous function 1*3 : R^ — ?► [(To, Ma] for some o-q, Mq > such that 



as n — > 00 uniformly in x on bounded sets. By the Lebesguc Dominated Convergence Theorem, we have 

K{y ~ x)u*2{y)dy - u^x) + u*2{x) f^u^ix)) = Vx £ R^. 



16 



By Lemma [4.21 £ ^2^- By Proposition 13.71 again, we have U2{x) = ^2 then U2(a;„) 1*2 as 
71 — !• cx). This is a contradiction. Therefore 1*2(2;) — > it2 as ||a;|| 00. 

Finally, it can be proved by the similar arguments as in the case i = 2 that 

u*3{j)^u° as IIjII^oo. 

□ 

Lemma 4.4. There is G such that for any 5 > sufficiently small, Ui{t, x; Su~) is increasing in 

t>0 and u- '*'^ E X^'^ , where u~'*'^{x) =\init^aoUi{t,x; 6uY), and hence u = u~ '* {■) is a stationary 
solution of (l.i) in [i = 1,2,3). 

Proof. Fix 1 < i < 3. Let M* > be such that fi{x, M*) < 0. Let e > be such that 

/0(0)-6>0. 

By Lemma [in there are p e and /li(-) G Xi^p n C^(?^,;, K) such that 

/,(a;,0) > h,{x), and h, > (0) - e(> 0). 

Moreover, for i = 1 or 2, the partial derivatives of hi{x) up to order — 1 are zero at some a;o G Hi with 
hi(xo) = max^g-Hj hi{x). Let u~ be the positive principal eigenfunction of Oi^o.o with ai(-) = hi{-) and 
1 1 ""7 II ~ 1 (th*^ existence of u~ is well known in the case that i = 1 or 3 and follows from Proposition [33] 
in the case that i ~ 2). It is not difficult to verify that u ~ 5u^ is a sub-solution of (l.i) for any 5 > 
sufficiently small. It then follows that for any 6 > sufficiently small, 

Sui{-) < Uiiti, ■■,Su^) < Ui{t2, -^Sul) VO < tl < t2. 

This implies that there is a Lebesgue measurable function u~'*'^ : Hi — 5- [cto,Mo] for some ao,Mo > 
such that 

lim Ui{t, x; 6u~) = u~'*'^{x) Vx G Hi. 

i— f 00 

Moreover, by regularity and a priori estimates for parabolic equations, u^'*'^ G -'^i"''- It is clear that 
u^'*'^ G X++. By Lcmma|121 u^'*'^ G X++ . Therefore for 1 < i < 3, u^'*'^ G X++ and u = ur-*-\.) 
is a stationary solution of (l.i) in X^^ {i = 1, 2, 3). □ 

Lemma 4.5. Let M ^ I be such that fi{x, M) < for x G Hi [i = 1, 2, 3). Then lim(_i.oo ^1(^7 a;; uq) ex- 
ists for every x G Hi, where Uo{x) = M. Moreover, uf'*'^'{-) G X^^ , where uf'*'^' (x) := \imt^ooUi{t,x;uo), 
and hence u = is a stationary solution of (l.i) in X^^ (i = 1,2,3). 

Proof. Fix 1 < i < 3. For any M > 1 with fi{x,M) < for all a; G T^i, u = M is a super-solution of 
(l.i). Hence 

u^{t2, •; M) < u^iti,-- M) <M VO < ii < ^2- 
It then follows that \imt^ooUi{t,x;M) exists for all x G M^. Let uf'*''^\x) = \imt^ooUi{t,x; M). We 
have u^'*'^^(x) > for < S <^ 1. By the similar arguments as in Lemma 1131 uf'*'^^ G X++ 

and u = u'l'*'^\-) is a stationary solution of (l.i) in X^^ {i = 1,2,3). □ 
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Proof of Theorem 2.1. (1) Let 1 < z < 3 be given. First, by Lemmas 14.41 and 14.51 (l.i) has stationary 
solutions in X^'^ . We claim that stationary solution of (l.i) in is unique. In fact, suppose that u\'* 
and M^'* are two stationary solutions of (l.i) in X^^ . Assume that uY* 7^ ""i'*- Then there is a* > 1 
such that pi{ul'* ,uf*) = Ina* > 0. Note that 



1 



1,* ^ 2,* ^ * 1,* 



1,*/ 



a* ' 



By Lemma l4.31 lim||^||_j.Qo u^*{x) = and lim||3.||_j.oo u^*{x) = u^. This implies that there is e > such 
that 

——u]'*{x)<u]^*{x)<{a*~e)u]'*{x) for ||x|| » 1. 

By Proposition 13.11 and the arguments in Proposition 13. 3[ 

1 



-u\'*{x) < ul*{x) < a*u]'*{x) yx G . 



It then follows that for < e <C 1 

1 



Ui'*{x) < Wj'*(x) < {a* — e)u^'*{x) \/x £ 



a — e 

and then pi^u]'* ^u^'*) < ln(Q;* — e), this is a contradiction. Therefore u]'* — m^'* and (l.i) has a unique 
stationary solution u* in X^^ . 

(2) Fix 1 < i < 3. For any uq G X^^ , there is (5 > sufficiently small and M > sufficiently large 
such that du^ < uq < M and u = du~ is a sub-solution of (l.i) {u~ is as in Lemma l4.4p and it = M is a 
super-solution of (l.i). Then 

Su^r < u,{t,-;Su:r) < u,{t,-;uo) < u^{t,-]M) < M > 0. 

By (1), Lemmas 14.41 and 14.51 and Dini's Theorem, 

Ui{t,x]Su~) < u*{x) < Ui{t,x;M) > 0, x E Hi 

and 

lim Ui{t, x; Su^) ~ lim Ui{t,x;M) =u*{x) 
uniformly in x on bounded sets. It then follows that 

lim Ui{t,x]Uo) = u*{x) 

t—>oo 

uniformly in x on bounded sets. 

We claim that \\ui{t, --jUq) — u*{-)\\ — > as t — ;> cxd. Assume the claim is not true. Then there are 
eo > 0, i„ — ?> 00, and Xn with ||2;„|| ^ 00 such that 

\ui{tn,Xn;uo) - u*{xn)\ > eo Vn G N. 

Then by Lemma [4.31 

|ui(t„,x„;uo) - w°| > y Vn>l. 

Let S > and M > be such that 

S <u^{t,■;uo) < M Vi>0. 

For any e > 0, let T > be such that 
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|u,(r,.;^,/°(-))-«-| <e, k.(r, /,"(•))- <e. (4.1) 

Observe that 

6 < Ui(tn — T,Xn+ x; Mo) < M 

and 

forn > 1. Then 

Wi(r, ■■,SJi{- + Xn)) < Ui{t„,Xn + suq) < Ui{T, •; M, + a;„, •))• (4.2) 

Observe also that fi{x + x„,u) — > fi{u) as n — >■ oo uniformly in (x,u) on bounded sets. Then by 
Proposition 13.41 

Ut{T,x;S,fi{- +Xn,-)) Ui(T,x]5J^{-)) 

and 

u,{T, X- M, M- + x„, •)) ^ u,{T, X- Af , /0(-)) 
as n — > oo uniformly in a; on bounded sets. This together with (|4.ip implies that 

|u,(T,0;5,/.(- + x„,-)) < 2e, |u,(r, 0; M, /,;(• + a;„, •))- u-| < 2e for n»l 

and then by (g^]), 

|Mi(t„,x„;uo) - u°| < 2e for n > 1. 
Hence lim„_j,oo Ui(t„, Xn', uq) = it^, which is a contradiction. Therefore \\ui{t, uq) — u* (■)\\ — as < — s> oo. 

(3) By Proposition 13.11 for any uo G \ {0}, Ui{t,x;uo) > for all t > and x G 7^;. Hence for 
any given uq G \ {0}, there are cr > and r > such that Ui(l, a;; uq) > cr for x E Hi with ||a;|| < r. 
Note that Ui(t, ■; uq) = Ui{t ~ 1, •; Wi(l, ■; uq)) for t > 1. (3) then follows from Theorem 2.3 (4) (sec next 
section for the proof of Theorem 2.3 (4)). □ 

5 Spatial Spreading Speeds and Proofs of Theorems 2.2 and 2.3 

In this section, we explore the spreading speeds of ()l.ip . (|1.2p . and ()1.3p . and prove Theorems 2.2 and 
2.3. Throughout this section, we assume (HI) and (H2). 
We first prove two lemmas. 

Lemma 5.1. Let ^ G S^~^ , c > 0, 1 < « < 3, and uq G X^ be given. 

(1) If\\vii\\\ix.^<ct,t^oaUi{t,x;UQ) > 0, then for any < c' < c, 

limsup \ui{t,x;uQ) — u*{x)\ = Q. 

(2) // liminf |2..j|<ct_t_j.oo '"i(t, x; Mo) > 0, then for any < c < c, 

limsup \ui(t,x;uo) — u*{x)\ — 0. 

(3) If\immiii^ii<^t,t^ooUt{t,x;uo) > 0, then for any < c < c, 

limsup \ui{t,x;uo) — u*{x)\ — 0. 

\\x\\<c t.t^oo 
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Proof. (1) Suppose that limmix-^<ct^t^oo Ui{t, x; uq) > 0. Then there are S and T > such that 

u,{t,x;uo) > S y{t,x) e R+ X a; • ^ < ct, t > T. 

Assume that the conclusion of (1) is not true. Then there are < c < c, eg > 0, a;„ S and i„ G 
with a::,! • ^ < c and t„ — > oo such that 

|ui(t„,a;„;Mo) - u*(x„)| > eo Vn > 1. (5.1) 

Without loss of generality, we may assume that a;„ — !■ a;* as n — > oo in the case that {||a;„||} is bounded 
(this implies that fi{x + Xn, u) .fi{x + x* ^u) uniformly in (a;, u) in bounded sets) and fi{x + a:„, u) ^■ 
fi{u) as n ^ oo uniformly in (x,m) on bounded sets in the case that {||a:n||} is unbounded. 
Let Uq £ X^, 

uo{x) = (5 Va; e Hi- 

By Theorem 2.1, there is T > such that 

Ui{T,x;uo) - u*{x) < eo Va; G 'Hj, (5.2) 

\ui{f,x;uo,M- + x*,-))-u*{x + x*)\ < (5.3) 

and 

K(f,x;^o,/°)-<l<|. (5.4) 
Without loss of generality, we may assume that i„ — T > T for n > 1. Let UQn £ be such that 
uon{x) = 5 for X • e < ^{tn - f) , < uon{x) < S for ^{tn - f) < x ■ ^ < c{tn " f), and uon{x) = 
for a; ■ C > c(t„ - f). Then 

and hence 

Mi(in,a;„; uq) = Ui(T, x„; Ui(i„ - T, ■;'"o)) 

= ■ti,(T,0;Ui(t„ - T, ■ + a;„;uo),/j(- + 2^™, •)) 

> Ui(r,0;uo„(- + a;„),/i(-+a;„,-))- (5.5) 

Observe that uon{x + a;„) — )■ wq as n — > oo uniformly in x on bounded sets. In the case that 
fi{x + Xn,u) — ,fi{u), by Proposition 13.41 

iii(r, 0;?io«(- + Xn),fi{- + a-„, ■)) ^ Wi(T',0;iio,/°(-)) 
as n oo. By (|5.4p and (|5.5p . 

Mz(in,a;„;Mo) > Mi - eo/2 for n > 1. (5.6) 

By Lemma [4.31 

w° > w*(a;„) - eo/2 for n > 1. (5.7) 

By dO]), dSll), and (l5Jl) . 



I"i(in, a^n; Wo) - u*(x„)| < eo for n > 1. 

This contradicts to (|5.ip . 

In the case that Xn — > a;*, by Proposition l3. 41 again. 
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Ui(T, 0;uo„(- + Xn),fi{- + Xn, •)) Ui{T,0;uQ, fi{- + x* , •)) 
as n oo. By (|5.3p and (|5.5p . 

Wj(in,a;n;wo) > - eo/2 for n > 1. (5.8) 

By the continuity of u*{-), 

u*{x*) > u*{xn) - eo/2 for n » 1. (5.9) 

By (113), (EiHl), and (jOl) . 

iit(t„, a;„; Wo) - u*(x„)| < eo for n > 1. 

This contradicts to (15.11) again. 
Hence 

lim \ui{t^x;uo) ~ u*{x)\ = 

for all < c < c. 

(2) It can be proved by the similar arguments as in (1). 

(3) It can also be proved by the similar arguments as in (1). □ 

Lemma 5.2. Let M > be such that fi{x, u) < for x e Hi, u G [0, M], and i = 1, 2, 3. Then for any 
e > 0, there are p G and gi : TLi x M. ^ R such that for any w G R, gi{-, u) G Xi p, gi{-, •) satisfies 
(PI) and (P3), and 

fi{x,u) > gi{x,u) Vx G 7^,, It G [0,A/], 
.9.(0)>./,°(0)-e, 

where gi{-) is as in (|3.2ip (i = 1,2,3). 

Proof By Lemma [iTTl for any e > 0, there are p € and /ij(-) G X,^p n (^^("H^, R) such that 

fi{x, 0) > h^{x) Vx G m and hi > f°{0) - e 
for i = 1, 2, 3. Fix 1 < i < 3 and choose Mi > such that 

fi(x,u) > gi(x,u) :— hi{x) — MiU for x G H;, < u < M. 
It is not difficult to see that gi{-,-) (1 < * < 3) satisfy the lemma. □ 

In the following, c?(0, c^(0, and cl[0 are as in (|2J4l) . ([2l^ . and (|2l6| . respectively (^ G S*^"!). 
Observe that Xi{fi,£_, fi{0)) {i = 1,2,3) exist and 

'Ai(M,e,/?(o))-/f(o) + M^ 

A2(m, e, /2°(0)) - /k« e-^-«K(z)d;^ - 1 + /0(0) 
.A3(Ai,e,/3°(0)) = EfeeK«'^(e"^'-^ - 1) + /3(0). 
If no confusion occurs, we may denote Ai(^, ^, /[*(0)) by Ai(^, ^) (i = 1, 2, 3). Observe also that V\{t, x) = 
g-/^(a;-?-^i^t)^ W2(t,x) = e"^^''''^"^^^^*\ and U3(i,j) = e"^*^'^"^'^^*^ are solutions of 

vtit,x) ^ Av{t,x) + f^{0)v{t,x), xGR^, (5.10) 

vt{t,x)^ [ Kiy-x)v{t,y)dy-v{t,x)+f^{0)v{t,x), a; G R^, (5.11) 

and 

z;i(t,j) = ^ ak{v{t,j + fc) - «(t, J-)) + /3°(0)"(i, j), J G Z^, (5.12) 
fceK 

respectively. 
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Proof of Theorem 2.2. Fix f e 5^ ^ and 1 < i < 3. We first prove tliat for any c > c-'(^) and 

limsup Ui{t,x;uo) ^ 0. (5.13) 
To this end, take a c such that c > c > c*{^). Note that there is ^* > such that 

and there is ^ e (0,Mi) such that 

c = . 

Take d > il/ > such that 

uo{x) < M and uo{x) < de"^'^'^ Va; e 'H^, 

f,{x,M)<Q yxen,, (5.14) 

and 

/,(x,m) = /°(w) for x.e> — In— (>0). (5.15) 

/.J a 

Observe that by (|5T4l) and (HI), for {t,x) G (0,oo) xH^ with rfe^^(^«-=*) > M, i.e., x-^ < -j-^ln^ + ct, 

/,(a;,de-^(-«-^*))<0</f(0). 
By ((05|) . for {t, x) G (0, oo) x TL^ with de~''(^ «-=*) < M, i.e, a; ■ f > In ^ + ct, 

/,(:r,de-''(^-«-^*)) = /°(de-^(^-«-^*)) < /°(0). 

It then follows that u = de-^(^ «-=*), which is a solution of ([5T0)) or ([5TT|) or ((5?T2|) if i = 1 or 2 or 3, is 
a super-solution of (l.i) and hence by Proposition 13. 11 

Ui{t, x; uo) < de-^^^ «-"*) Vt > x e (5.16) 

This implies that (|5.13p holds. 

Next, we prove that for any c < c°(^) and any uq £ X^{^), 

limsup \ui{t,x;uQ) — u*{x)\ ^ 0. (5.17) 

To this end, take a c 6 R such that c' < c < c"(^). Let M > be such that uq{x) < M and /^(a;, M) < 
for all X G Hi. Then u = M is a super-solution of (l.i) and 

Ui{t, x; Uq) < M Vt > 0, a; £ T-Li. 

For any e > 0, let f/i(-, •) be as in Lemma [5.21 By Proposition 13.91 for e > sufficiently small, 

cm.9:{:-))>cm,u-))>c. 

By Propositions 13.11 and 13. 8| 

liminf Mi(t,a;;uo)> liminf Ui{t^x]UQ,gi) > Q. 



(|5.17p then follows from Lemma ISTTl 

By (f5J3l) and (|5l7| . c*(0 exists and c*(C) c°(^) for i = 1, 2, 3. Moreover, ^(^[^ holds □ 
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Proof of Theorem 2.3. (1) It can be proved by similar arguments in |62i Theorem D(l)]. For complete- 
ness, we provide a proof in the following. 

Fix ^ e 5^-1 and 1 < « < 3. Let uo £ X+ satisfy that uo{x) = for a; £ T^i with |a; • ^| > 1. Then 
there are Uq e X^{C) and Uq e [—S) such that 

uq{x) < u^{x) Va; G Tii. 

By Proposition 13.11 and Theorem 2.2, 

limsup Ui{t,x;uo) < limsup Ui{t, x;uf) = Vc > c*{£_) 

and 

limsup Ui{t,x;uo) < limsup Ui{t,x;u~)^0 Vc > c*(— ^) 

It then follows that 

limsup Ui{t,x;uo)~0 \fc > max{c*(f), c*(— ^)}. 

|a;-{|>c't,t— XX3 

(2) Fix S. e S^^'^ and 1 < z < 3. For given < c' < min{c*(0, c*(-0}, take a c > such that 
c < c < nhn{c,*(^), c,*(— ^)}. For given uq G satisfying the condition in Theorem 2.3 (2), let M > 
be such that uq{x) < M and fi{x, M) < for all x G Hi. Then u = M is a super-solution of (l.i) and 

Ui{t, X] uq) < M yt > 0, X €: Hi. 

For any e > 0, let gi{-, •) be as in Lemma [5.21 By Proposition 13.91 for e > sufficiently small, 

c:(?,5.(v))><(^,5.(-))>c. 

By Propositions 13.11 and 13. 8[ 

liminf Uj(t,a;;uo)> liminf x; Ug, g^) > 0. 

It then follows from Lemma 15.11 that 

limsup \ui(t,x;uo) — u*(x)\ = 0. 

(3) It can be proved by similar arguments as in [621 Theorem E (1)]. For completeness again, we 
provide a proof in the following. 

Fix ^ G S'^^^ and 1 < « < 3. Let c > sup^g^jv-i c*(^). Let uq G X^ be such that uo{x) = for 
11x11 > 1. Note that for every given ^ G S'^"\ there is uo(-;0 G -''^,^(0 such that uo(-) < uo(-;0- By 
Proposition 13.11 

< Wj(t, x; uo) < Ui(t, x; uo(-; S,)) 
for t > and x ^ Hi. It then follows from Theorem 2.2 that 

0< limsup Ui{t,x;uo) < limsup Ui{t,x;uQ{-;^))^0. 

Take any c > c. Consider all x £ Hi with ||x|| = c . By the compactness of dB{0,c ) = {x G 
Hi\ \\x\\ = c }, there are • ■ • iCl G S^~^ such that for every x G 95(0, c ), there is I (1 < I < L) 

such that x • ^; > c. Hence for every x ^ Hi with ||.t|| > c t, there is 1 < / < L such that x ■ = 
J^^-p^x^ • ^; > ^M^c > ct. By the above arguments. 



23 



0< limsup Ui{t,x]Uo) < limsup Ui{t,x;uo{-;(,i)) = 
for / = 1, 2, • • ■ L. This implies that 

limsup Ui{t,x;uo) ^ 0. 

|a;||>c t.t—^oo 

Since c > c and c > sup^ggw-i c*(^) are arbitrary, we have that for c > sup^ggjv-i c*(^), 

limsup Ui{t, x;uo) = 0- 

|a:||>ct,i— >oo 

(4) It can be proved by similar arguments as in (2). To be more precise, for given < c < 
min{c,*(0 IC e 5*^"^}, take a c > such that c < c < min{c*(^) \ ^ G S^~^}. For given uq 6 sat- 
isfying the condition in Theorem 2.3 (4), let M > be such that uq{x) < M and fi{x,M) < for all 
X G Hi. Then u = M is a super-solution of (l.i) and 

Ui{t,x;uQ) < M Vi > 0, x ^Hi. 

For any e > 0, let gi{-, ■) be as in Lemma [5.21 By Proposition 13.91 for e > sufficiently small, 

cne,5.(-,-)) >c*(C,ff.(-)) >c. 

By Propositions 13.11 and 13. 8[ 

liminf Ui(t,x]UQ)> liminf tii(t, x; ug, ffj) > 0. 

||a:|[<ct,t— >oo ||a; II <ci,t— >oo 

It then follows from Lemma 15.11 that 

limsup \ui{t^x]UQ) — u*{x)\ ~ 

|a:||<c >oo 

□ 
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